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Nomenclature
A() = dynamical variable
cy = specific heat capacity
D = self-diffusion constant
d = diameter of a single particle
da = differential element of area
E = total kinetic energy
é = unit vector
f,r,t) = nonequilibriumdistribution function

fr(v,r,t) =localequilibrium Maxwellian for a monoatomic gas:

n(r, t)[%} exp{—@[" —u(r, t)]z}

g(v) = general velocity dependent function
J(@) heat flux
Boltzmann constant
mean free path
= particle’s mass
= total number of particles, pN4
Avogadro’s number
number density of particles
unit vector
any integer
position vector
= total surface of a right circular cylinder
two equal circular cross sections of §
curved surface of §
temperature
time
average velocity vector, (v)
= particle’s velocity
f = velocity of the jth particle
dimensionless number, m(8v)?/3k T
1/kyT
= Eucken number, 3(1 — «)
= physical constant, (1 — «)(E)/Aa
A = variable’s nonequilibriuminstantaneous departure
from its equilibrium value
Aa = total area, fs da
. Pl .
3 = fluctuationin a variable
0y = derivative with respect to time, 9/9¢
€ = perturbation
0 = time as an integration variable
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= thermal conductivity, 8*(E)u /2T Aa
= relaxation time

B equilibrium ensemble average
nonequilibriumensemble average
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Introduction

HE Fourierheat flux equationgives a parabolicenergy equation

that implies an infinite speed of heat propagation, and an infi-
nite speed of heat propagationis physicallyunrealistic. The problem
of finding ahyperbolicheatequationthat yieldsa finite speed of heat
propagationwas first investigated by Cattaneo and later by Vernotte,
as was discussed by Fulks and Guenther.! The parabolic and the
hyperbolic heat equations have been widely discussed? Cattaneo
proposed a heat flux equation that relates the heat flux and its time
derivative to the gradient of temperature. This proposition allowed
him to derive a hyperbolic heat equation with finite signal speed.
Cattaneo, however, did not present a proof of his heat flux equa-
tion, which one must have to obtain an equation that is physically
plausible,namely, the hyperbolicheat equation. The hyperbolicheat
equation was investigated by many others, for example, Fulks and
Guenther,! Roetman,® Glass etal.,* and Glass and McRae.’ The first
attempt to investigate the derivation of Cattaneo’s hyperbolic heat
equation was due to Miiller® Later, the branch of thermodynam-
ics called extended thermodynamics’ was developed by Miller and
Ruggeri. Their approach was axiomatic.

Another derivation of Cattaneo’s hyperbolicheat equationis pre-
sented here. In deriving Cattaneo’s heat flux equation, nonequilib-
rium statistical mechanics is applied. Such an approach is neces-
sary because it presents a nonaxiomaticapproach and demonstrates
the process of heat propagation on a microscopic level. Because a
near equilibrium state was assumed, the nonequilibrium distribu-
tion function used was local Maxwellian. Note that in this Note
the calculations were done for a monoatomic gas and the Eucken
number obtained was 2.547. The Eucken number obtained by the
Chapman and Enskog equation (see Ref. 8) for a monoatomic gas is
2.5, which is close to the value obtained here. Experimentally, the
Eucken number shows some dependenceon temperature’; however,
for inert gases it is close to the Chapman and Enskog number. For
diatomic gases the Eucken number is smaller in value.!®

Derivation of Cattaneo’s Heat Flux

The Onsager hypothesis, which follows, will prove important in
our derivation of Cattaneo’s heat flux equation.!! The relaxation of
macroscopic nonequilibriumdisturbancesis governed by the same
laws as the regression of spontaneous microscopic fluctuations in
an equilibrium system. The Onsager hypothesisis true for systems
in near equilibrium. A system is said to be near equilibrium if the
system’s deviations from equilibrium are linearly related to the per-
turbations that remove the system from equilibrium.'' In all of our
calculations the system is assumed to be near equilibrium or in a
local equilibriumstate. A quantitative statement of the Onsager hy-
pothesis would be as follows: Given (A(t)), A= A(t) — (A)., and
(AA(1)) = (A(1)) — (A)., then (AA(t)) = (e/ kg T){SA(0)3 A(t))..
When applied to the heat flux J(7), the preceding definitions will
be (AJ(t))={J()) — (J)., with a perturbatione xV T. Also, the
fluctuationsin J (t) will be givenby 8.J (£) = J(t) — (J). = (mv?/2)v,
and (J), = 0. Therefore,
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(8J(0) - 8J (1)), = <m”§0) v(0) - "“’2(” v<t>>
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where isotropic correlations are assumed. Therefore, the corre-
sponding equation for the Onsager hypothesis in the case of heat
flux is
- é
!
AJ()) = (J()) = Be 8J(0)-8J(t))e—
(AJW) = W) = pe Y 0JO0) 8T 0)e

=1

3003 A
< ﬂ)z Ou el
= pe(2 DD 0023 (1)
which is true Vz. Here lim, _, o {(v; (0)v; (t)), =0 (Ref. 11), and for
long times the behavior is given by (v; (0)v;(¢)). — (1/1)*?; in
other words, (J) decays to zero as time goes to infinity,'> which
is consistent with the time dependence of the temperature in the
hyperbolic heat equation.
Now consider the following conservation of energy equation:

/ do %J(v,@) -da = —E(v) )
0 s

with v = |v|. The theorem in Eq. (2) applies to an arbitrary surface;
therefore, any surface can be chosen to apply the theorem [Eq. (2)]
to it. Therefore, if S =8, + S, + S, then

%J(v,@)-daz/](v,@)-da—i—/ J(v,@)-da—i—/ J(,0)-da
s s 5 53

ChooseJ L S;, sothatthe third integral vanishes. Also it is assumed
that the N particles enclosed by S absorb all of the heat flux and
exhibitit as kineticenergy. Therefore, what comes out of the surface
S, is negligible; hence, we can let the second integral vanish. This
resultcan alsobe achievedby consideringan infinitely long cylinder.

Then
%J(v, 0)-da = / J(»,0) -da
N S1

and because J is a function of v and 6, the conservation of energy
equation is written as

/ doJ(v,0) - Aa = —E(v) (3)
0

To be able to study the dynamics of the system of particlesenclosed
by the cylinder under consideration one must follow the time de-
velopmentof every particle, which is practically impossible. There-
fore, statistical averages must be computed. For a general g = g(v),
the ensemble average is given by (g(r, 1)) = f dBog) fv,r, 1)/
n(r, t). Taking the ensemble average of Eq. (3) will give

/ d9/d3vJ(v,9)f(v,r,t)-%(r,t)
0

- _/d%E(u)—f(V’r’ D

n(r,t)

or
/ do(J(r,0,1)) - Aa = —(E(r,1)) 4)
0
Taking 9, of Eq. (4) will lead to

/ d0 8, (Jr,0,t))-Aa+ Jr t, 1) -Aa=—3(E@, 1)) (5)
0

Now choose ¢ >:
/ do o, (J(r, 0,1)) <</ do o, (J(r, 0,1)) (6)
' 0

where T = Bm D (Ref. 11). For water molecules at 10°C the relax-
ation time is calculated to be v =765 ps. The physical meaning
of 7 represents the time it takes for the diffusional regime to be
reached and it is also the time it takes to reach equilibrium from
a nonequilibrium state.!! Equation (1) and the paper by Stillinger
and Rahman'® are used to justify the inequality in Eq. (6). The plot
referred to in this Note is for water molecules at the temperature of
10°C (Ref. 13). The normalized velocity autocorrelationdecays to
0.02 at about 1 ps. Because of Eq. (1), the same statement can be
made about the heat flux. By squaring the normalized velocity auto-
correlation, multiplying it by its time derivative, and integrating the
product from 0.02 ps to 1 ps, we obtain the value —0.32. The same
integrationstarting at 0.68 ps would give the value —3.3 x 10~ for
that integral. For any time after 0.68 ps, as the initial point of inte-
gration the value of the integral would be of the order 10~7. Now, by
observingthe time integral of the time derivativeof both sides of the
inequalityin Eq. (1), we can immediately see the justification of the
approximationin Eq. (6). Also, the time ¢ in Eq. (6) can be chosento
be in the neighborhood of 0.68 ps or any time after that. For higher
temperatures, for example, above 200°C (Ref. 13), the normalized
velocity autocorrelationdecays even faster. Therefore, the inequal-
ity in Eq. (6) applies to gaseous states as well. The left-hand side in
Eq. (5) is then written as

(/ 9, (J(r,0,1))do —/ 3, (J(r,0,1))do + (J(r,t,t))) - Aa
0 '

= =3 {E@ 1) )

where
/ 8,(J(r,9,t))d9=/ 8,(J(r,9,t))d9+/ 0,(J(r, 6,1))do
0 0 '

By the use of the inequality in Eq. (6), Eq. (7) can be written as
(/ 0, (J(r,0,1))do + (J(r,t, t))) -Aa=—0,(E(r, 1)) (8)
0

Because near-equilibrium gaseous state is being assumed, we can
evaluate the right-hand side using f; (v, r, t) (Ref. 8). Therefore, by
the taking of the average using f (v, r, t) and the taking of the time
derivative of the average, the right-handside of Eq. (8) will become

O (E(r. 1)) = (E()3(m/2m)(2m/mB)d, B)
+(BmE@)[y — u(r, D]du) — (E@)(m/2)[v — u@,1)]*3,8)
©)

However, at local equilibrium Euler equations hold® and the Euler
equation for the evolution of the temperature T is given by 9,7 =
—u-VT —2T(V -u)/3, which will give us

ap=(1/ksT)u-VT+ (1/ksT*)3TV -u  (10)
A direct substitution of Eq. (10) into Eq. (9) would give

u-V
T

O (E(r, 1)) = <E(v)% d + EW)V u>

m
+ kB—T<E(v) v —u(r, 0)])(0:u)

_ _ 2. 2rv.
2k5T2<E(v)[V u(r,t)])(u VT+3TV u) (11)



